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Abstract:

In present paper, we introduce a common fixed point theorem and coincident point with
Hardy-Roger contraction and three self maps in dislocated-quasi metric space. It generalizes the
some earlier theorems of fixed point theory.
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Introduction:

Hitzler & Seda[1] in the year 2000 proved a Fixed Point Theorem in complete dislocated
metric spaces as generalization of the Banach contraction principle. Zeyada et.al.[2] in the year
2006 developed the concept of complete dislocated-quasimetric space as a generalization of
dislocated metric space & the generalization of the results in such spaces. Also, Aage &
Salunke[3] proved Fixed Point Theorems of continuous map in complete dislocated-quasi metric
space which generalized the result of Zeyadaet.al. [2], also they proved fixed point theorems for
various types of maps in complete dislocated-quasi metric space. Later Sarma et.al. [4] proved
the fixed point theorems in complete dislocated-quasi metric space without considering
continuity.

In present paper, we introduce the Hardy-Roger Contraction to generalize fixed point theorem in
complete dislocated-quasi metric space and obtain coincidence points.

2. Complete Dislocated-Quasi Metric Space.
Definition 2.1
Let X be a nonempty set and let =1 X x X—[0,0) be a function satisfying the following

conditions.
D 2xy) =2 (y,x)=0implies x =y.
D) 2 (x,y) £ 2 (x,2) + p (z,y); for all x,y,z e X
Then the function g is called dislocated-quasi metric on X, & the pair (X, 2) is called
dislocated-quasi metric space.
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If 2 satisfies 2 (x,y)=p2 (y,x) for all x,y € X then d is called dislocated metric & pair (X, p) is
called dislocated metric space.

Definition 2.2

A sequence {x,.}in dislocated—quasi metric space X is called dislocated-quasi convergent if for

ne u 1l1u oo i ,‘l'.____._'{_i = juu s ’_Diw__' i 0

Hence x is called a dlslocated -quasi limit of the sequence {x.,}

Lemma 2.1

Dislocated-quasi limit in a dislocated-quasi metric space is unique.
Lemma 2.2

Every subsequence {x_} of dislocated-quasi convergent to x.
Definition 2.3

A sequence {x_,} in dislocated-quasi metric space X is called Cauchy sequence if for every € > 0,

3 N such that # (x,,,,x,,) <« forallm,n> M.
Definition 2.4
A dislocated-quasi metric space X is called complete if every Cauchy sequence in it is

dislocated-quasi convergent.

Definition 2.5
Let (X, £) be a complete metric space and let T be a self-map on X then it is called a T Hardy-

Rogers contraction if
2(Tx, Ty) <A, oX, )+ 4. 0 (X, TX) + 4: 2 (y, Ty) + 4. 2 (y, Tx) + 42 2 (x, Ty)
forall x, y € X, where 4,>0, fori=1,2,3,4,5,suchthat 1 = Z7_, 7, & 1¢[0,1)

Definition 2.5[6]
Let the mapping f, g : X — X denotes set of coincidence points of f and g such that

CH,g={w eX:flwl=glat}

3. Main Results

Theorem 3.1([8])

Let (X, 2) be a complete dislocated-quasi metric space, and let S, T: X — X be a pair of self map
satisfying the condition

oSx, Ty)< 4L, ex, )+ 4 0(X,Sx)+4: 20 (y, Ty) + 4. 2 (X, Ty) + 4z 2 (y, Sx)

forall x, y € X, where 2,>0, fori=1,2,3,4,5,suchthati=X_, . & 1€ [0, 1)

If (4, + 4. = 4;=24.) < 1 then S and T have a unique common fixed point in X.
Proof:- Let us select any arbitrary point x,e X.

We define a sequence {x,} in X such that S x»,= x4y , Txs,4 = %54, foralln e N.
Consider 2 (S xa,, Txz,401) = 2 (Va4 ¥2042)
S AL p(xay, Tog)+ A0 (3., Sx.)+4; (%04
(F2p410 S ¥2,)

Ap (X2 X)) 4 A2 p (g X200 + A3 0 (Xzqy, ¥opg2) HA P (g 2500) + A5 0

i i) ZNnTL
1
A

IA

~
=
—_ II

IAIA

7

1'1) A ( "‘!"f.“.’ 'Ii“.-i-_i) + 4 3 :n -‘- n+i» -"’""’:'_-i-*) + "}";_[P "‘!""’r‘. “‘!'-'_".“.-i-_i) + F ('1'-2.“.-6-_“ 'ﬁ'-"’.“.-i-"’)]
( "1*_!+f"*2 +A) P (Xgpy Yopp) +(Aa T 40T 2 (Xopyas Xopyo)
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Ay FA ALY
Frapd) SUTT ) A (o Faagd)
Continuing the process n times we get
FPd o431 + 3 R
o (Sxa 0y, Tio, o) = ‘T—‘:I g (g, x)asn— @wegets (v, x,,,) —0
T

Forallm,n € M, taklng m > n, we have

.'.-I 1'I -rl."\

n(i!t.' \.' ( ¥ ] ) S
A, LA, = - A i r‘ =1

A1 I—I_—

asm,n — = we get o (5x,, Txy) —+0. Sowehave & (5x_, Tx ) —+0as m,n— .

Hence, we get a sequence {Tx,} which is a Cauchy sequence in a complete metric space (X, &)
and then there exists « € X such that converges to Tw € X.

Now, we prove « € X is a fixed point of both S and T

Suppose that f is continuous self map on X then by continuity of f, we have & € X,

o Ll s
f T

1 Ly a T Ly N
1 T N i

ITT0L .. I 1. - x =i}
o A o Fip_y i
Ly A=l

But T is one to one we get [z = i , this shows that @ is a fixed point of f and uniqueness follows
as i = i,

Theorem 3.2

Let (X, g) be a complete dislocated-quasi metric space, and S, T, #: X — X be three self maps
satisfy the condition

2 (SX, TY)< @ o (¥, y) + £ [2 (X, 5X) + 2 (4%, 5y) + 2 (X, Ty) + o (¥y, T) |

where e, £ = 0 with a +75 < 1 . If S(X) U T(X) < 140 ¥) which is complete dislocated-quasi
subspace of X, then the three self maps have a coincidence point & in X and have a unique

common fixed point.

Proof: Let us select any arbitrary point ;¢ X.

We define a sequence {v,.} in X such that 3..=Sx..= ¥z, 4 ,
Vo =Tx., =%, . foralln e N {0}

Consider o (_‘-ﬁf:__;, Vo o) =0Gx.  To. )

< @ p (Pxan, Ygnyy )+ B o (g, 535,) + 2 (WX, SXapyy ) + 0 (30, Togny ) +
(s, Tro ) ]

— - (T L — (T LI —
S _IJJ(lln ,Jlﬂ )+J[JJ(1 Ko, J,_:la-. )+U(Jl i’—"l::-1+i)+a""(1"::-';—4"1’l2:-':+i)+s""

S ap (.]='f.“. —is Mn ) + .IIS\. [J‘Cl (.]’If.". —1i _1=|'_".".) + P (.1='f_“_ —is Yo +i ) + 2 (.]’If.“. —i> Yin 41 ) +

S T2 (."'2 1—1> \"'_.". ) + JL: [P (_\'If?'!—l’ _1'|2.“.) + 2 ~ (."'Zr!—_l’ .\"2.". +1 ) + 7 (.1"2.". ’ .1"2?'1 -1 ) ]
= a s (.“2.‘ -1» Mo ) + .-'S [f: ( —i vf.“.) +2 s (."=if“—i’ Yon ) +2 P (.-'Jf.“. > Yin i ) +

=1 ) +E5[5e (“ i ""'_"_) +2p (:"f.“. > Min 1 )]
= ("-:{- +5JIS') JE (.-"if_ ) +2 S" e (_- Tns Yo 4 )
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Continuing the process n times we get

fe +557 A
[ o) (".’.-.____ N Ve, L!) </ I [} (“'-!.ﬁ, "-!!)
U2k MIntl PN i S R ]

— R
Wi1- 25

- oo
{o +58 %

For all m, n £ I, taking m > n, we have 2 (v,,, v,,,) < \—= P (vas ¥

_i_
asm,n — & we get o (vg, vy) = 0. Sowehave (3., 3,) +0as m,n—= .

Hence, we get a sequence {v..} which is a Cauchy sequence in a complete metric space (X, &)
bl

such that v, = {¢¥x_ } and then there exists w € (X} such that {t/x_} converges to w € X as

4

n — . Consequently there exists @ € X such that i{+{ & = « then we get
w=1yYlw)=S(w)=T(w) if we find g (1/<,ScJ) which tends to 0 and hence we get
Yiw)=o=S(w), similarly v/ @} =& = T(w).

This shows that < is a coincidence point of three self map and from above theorem 3.1 we can

easily show that they have a unique fixed point.
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